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This paper is the ﬁrst systematic study of homogeneous polynomials on Banach lattices.
A variety of new Banach spaces and Banach lattices of multilinear maps, homogeneous
polynomials, and operators are introduced. The main technique is to employ positive tensor
products and quotients of positive tensor products. Our theorems generalize the results on
orthogonally additive polynomials by Benyamini, Lassalle, and Llavona (2006) in [4], the
results by Grecu and Ryan (2005) in [14], and the results by Sundaresan (1991) in [23].
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1. Introduction
1.1. Background and motivation
The present paper is a systematic study of orthogonally additive polynomials on Banach lattices with values in a Banach
space via quotients of tensor products of Banach spaces. In the process we derive structural information about several
Banach spaces of operators that are new to the literature.
From here on let E , F be Banach lattices and let Y be a Banach space. Benyamini, Lassalle, and Llavona in Theorem 2.3
of [4], generalizing the results of Sundaresan [23], showed that if E is a Banach lattice of functions then the space of n-
homogeneous orthogonally additive polynomials on E with values in Y is isometrically isomorphic with the Banach space
of all bounded linear maps on E(n) , the n-concaviﬁcation of E . That result, for n = 2, bears resemblance to the universal
property for what in [8] is called E2, the square of a vector lattice E . Indeed, it follows from [8] that every positive
orthosymmetric bilinear map E × E → F induces a unique positive linear map E2 → F and the ordered vector space of
all regular orthosymmetric bilinear maps E × E → F is isomorphic to the ordered vector space of all regular linear maps
E2 → F . For n 2 the existence of this universal property was further explored in [6] by deﬁning orthosymmetric maps on
E × · · · × E and correspondingly the nth power of E , denoted in [6] by En . There are three frameworks in [6] to study En ,
two of which are relevant to this paper. One is Krivine’s functional calculus which is exactly what is used in [4] to derive
its Theorem 2.3 mentioned above.
As an illustration, when E = C(K ) for a compact Hausdorff space K then E2 = {xy: x, y ∈ C(K )}. Similarly, Krivine’s
functional calculus enables one to deﬁne E2 in general. Moreover, the calculus deﬁnes a quasi-norm on E2 by the formula
|||x||| = ∥∥x 12 ∥∥2.
In Section 4 of this paper we show that an n-homogeneous polynomial in the circumstances of [4] is orthogonally
additive if and only if its corresponding n-linear map is orthosymmetric and in the last section of this paper we will give
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be fully based on the universal property of En as presented in [6].
The bulk of this paper, though, takes considerably more work by following the other framework to concaviﬁcations
from [6], i.e. (quotients of) tensor products. In the vector lattice category that [6] is built on, En is isomorphic (as a vector
lattice) to the quotient by Io , the smallest relatively closed ideal generated by {x1 ⊗ · · · ⊗ xn: |xi| ∧ |x j | = 0 for some i, j} in
the Fremlin tensor product E ⊗¯ · · · ⊗¯ E , as introduced (for n = 2) in [12]. In this paper we study e.g. the n-homogeneous
orthogonally additive polynomials via the quotient of the positive n-fold symmetric projective tensor product
⊗ˆ
n,s,|π | E by
the norm closure Ioc of the uniformly closed ideal generated by {x1 ⊗ · · · ⊗ xn: |xi | ∧ |x j | = 0 for some i, j} in ⊗ˆn,s,|π | E .
Along such lines of thought, we introduce several new Banach spaces and Banach lattices of operators and polynomials.
From here on in this paper we will adopt from [4] (and elsewhere in the literature, like on page 54 in [17]) the more
conventional notation E(n) rather then En for the n-concaviﬁcation of E .
Two recent PhD theses have taken note of the relevance of orthosymmetric maps in the study of polynomials on vector
lattices, without introducing the norms that constitute a major part of the machinery in this paper. Indeed, Loane in [18]
proved that the commutativity of almost f -algebras, which led the authors of [8] to introduce orthosymmetric maps and
squares of vector lattices in the ﬁrst place, can be obtained from the symmetric vector lattice tensor product, which is
introduced in Loane’s thesis. Linares in [16] suggests that [8] is an abstract setting for the results in [4] but does not
provide a new proof of Theorem 2.3 in [4] and he does not introduce norms either to concretely apply the vector lattice
setting of [8] to the Banach space setting of [4]. Linares does state the equivalence of orthogonally additive polynomials and
orthosymmetric maps, but his proof (Theorem 3.29 in [16]) is incomplete. In the current paper we are forced to provide two
similar but separate proofs for the equivalence of the two notions under two differing sets of circumstances (Lemmas 4.1
and 5.1). We now brieﬂy describe the results of the paper.
1.2. Range is a Banach lattice
If F is a Dedekind complete vector lattice and E1, . . . , En are vector lattices then Lr(E1, . . . , En; F ), the space of all
regular n-linear operators E1 ×· · ·× En → F , is a vector lattice. The latter was proved in [9] for n = 2 (from which the result
for general n can be derived) and for general n the fact can also be found in Loane’s thesis [18]. Moreover,
Lr(E1, . . . , En; F )  Lr(E1 ⊗¯ · · · ⊗¯ En; F )
as a vector lattice, where E1 ⊗¯ · · · ⊗¯ En is Fremlin’s (see [12]) Archimedean vector lattice tensor product. If E1, . . . , En are
Banach lattices and F is a Dedekind complete Banach lattice then Lr(E1, . . . , En; F ) is a Banach lattice when equipped with
the regular norm or, equivalently, with the norm of order bounded variation (in case n = 2, see [9]). Then
Lr(E1, . . . , En; F )  Lr(E1 ⊗ˆ|π | · · · ⊗ˆ|π | En; F )
where E1 ⊗ˆ|π | · · · ⊗ˆ|π | En is the positive projective tensor product and the isomorphism is an isometry as well as a vector
lattice isomorphism. This fact was ﬁrst proved for n = 2 in [9]. In case F is the real numbers, the result can be found for
arbitrary n in [14], while if combined with our comments above, for arbitrary Dedekind complete Banach lattices and all n
the result can be obtained from [22]. We prove in Proposition 3.4 that, isometrically and as vector lattices,
Pr(nE; F ) Lr( ⊗ˆ
n,s,|π |
E; F
)
,
where Pr(nE; F ) is the space of all regular n-homogeneous polynomials E → F .
In Section 5 we study the space of regular n-homogeneous orthogonally additive polynomials Pro(nE; F ) with its natural
norm and prove in Theorem 5.4 that, again isometrically and as vector lattices,
Pro
(nE; F ) Lr( ⊗ˆ
n,s,|π |
E/Ioc; F
)
,
where Ioc is the norm closure of the uniformly closed order ideal generated by {x1 ⊗ · · · ⊗ xn: |xi| ∧ |x j | = 0 for some i, j}
in
⊗ˆ
n,s,|π | E .
1.3. Range is a Banach space
For an n-homogeneous polynomial P : E → Y we introduce analogously to [9] (where only bilinear maps appear and
n = 2) the variation Var(P ) of P . The n-homogeneous polynomials E → Y that are of ﬁnite variation form a vector space
Pvar(nE; Y ) on which Var(·) is a norm. Theorem 3.5 proves that, isometrically,
Pvar(nE; Y ) L( ⊗ˆ
n,s,|π |
E; Y
)
,
where L(⊗ˆn,s,|π | E; Y ) is the space of all bounded linear operators ⊗ˆn,s,|π | E → Y .
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if and only if its corresponding n-linear map is orthosymmetric. Now let Ic be the norm closed subspace generated by
{x1 ⊗· · ·⊗ xn: |xi |∧ |x j | = 0 for some i, j} in the n-fold symmetric projective tensor product ⊗ˆn,s,π E . We show in Theorem 4.3
that, isometrically,
Po
(nE; Y ) L( ⊗ˆ
n,s,π
E/Ic; Y
)
.
The latter result has as a corollary the identiﬁcation of Po(np;R) as made by Sundaresan in [23], which was the starting
point for the theory of orthogonally additive polynomials.
1.4. Domain is a σ -Dedekind complete Banach lattice
In Section 6 we specialize to where the domain space E is σ -Dedekind complete. The advantage is that we can then
use the so-called Abramovich calculus for regular operators instead of the Kantorovic calculus, a fact that can be exploited
(via duality) even when the range is a Banach space. We obtain that if n is an odd number then Po(nE; Y ) is isometrically
isomorphic to L(⊗ˆn,s,|π | E/Ioc; Y ) while if n is an even number then Po(nE; Y ) is isomorphic to L(⊗ˆn,s,|π | E/Ioc; Y ).
1.5. Positive tensor product versus Banach space tensor product
Finally in Section 7 we relate to the existing results in the literature. In the theory of orthogonally additive polynomials,
quotients of positive tensor products turn out to be an essential tool, but also, which is more surprising, these quotients
of positive tensor products have close associations with quotients of the more classical Banach space tensor products. For
instance, we prove in Proposition 7.2 the interesting phenomenon that for a σ -Dedekind complete Banach lattice E , isomor-
phically,
⊗ˆ
n,s,|π |
E/Ioc 
⊗ˆ
n,s,π
E/Ic when n is even.
Furthermore, isometrically,
⊗ˆ
n,s,|π |
E/Ioc 
⊗ˆ
n,s,π
E/Ic when n is odd.
Finally, we show that Theorem 2.3 by Benyamini, Lassalle, and Llavona in [4] is a consequence of our theory.
At the end of this introduction, we remark that the theory of homogeneous polynomials on Banach spaces is well
developed and has a rich and long history (see e.g. the book [11] by Dineen). A theory of homogeneous polynomials on
Banach lattices in the category of Banach lattices is as yet insuﬃciently explored, to which the length of this paper is
testament. More can be done in the case that the range is a Banach lattice which is not necessarily Dedekind complete.
However, that treatment would add a signiﬁcant amount of calculation and detract from the main line of thought of the
paper.
For unexplained terminology from the theory of Banach lattices we refer to [2] and [19].
2. Preliminaries
For a Banach space X , X∗ will denote its topological dual and BX will denote its closed unit ball. For a vector lattice E ,
E+ will denote its positive cone. For x ∈ E , x+ and x− will denote the positive part and the negative part of x respectively.
For x ∈ E+ , a partition of x is a ﬁnite sequence of elements of E+ whose sum equals x. We often denote a partition
(u1, . . . ,uk) of x by just a letter u. If u = (u1, . . . ,uk) and v = (v1, . . . , vm) are partitions of x, we call u a reﬁnement of v if
the set {1, . . . ,k} can be written as a disjoint union of sets I1, . . . , Im in such a way that
vi =
∑
j∈Ii
u j, i = 1, . . . ,m.
Any two partitions of x have a common reﬁnement. Thus Πx, the set of all partitions of x, in a natural way is a directed set
(see [9]).
Throughout the paper, X1, . . . , Xn, X, Y will be vector spaces or Banach spaces over the real numbers, L(X1, . . . , Xn; Y )
will be the space of (continuous in the case that X1, . . . , Xn, Y are Banach spaces) n-linear operators from X1×· · ·× Xn to Y ,
and P(n X; Y ) will be the space of (continuous in the case that X and Y are Banach spaces) n-homogeneous polynomials
from X to Y . In the case that X1 = · · · = Xn = X we will write L(X1, . . . , Xn; Y ) as L(n X; Y ). In the case that Y =R we will
848 Q. Bu, G. Buskes / J. Math. Anal. Appl. 388 (2012) 845–862write L(n X; Y ) as L(n X) and P(n X; Y ) as P(n X). For each P ∈ P(n X; Y ), Pˇ will be its corresponding symmetric n-linear
operator in L(n X; Y ), i.e.
P (x) = Pˇ (x, . . . , x) (x ∈ X). (2.1)
We remind the readers of the Polarization Formula
Pˇ (x1, . . . , xn) = 1
2nn!
∑
i=±1
1 · · ·n P
(
n∑
i=1
i xi
)
(x1, . . . , xn ∈ X) (2.2)
and the norm inequalities
‖P‖ ‖ Pˇ‖ n
n
n! ‖P‖. (2.3)
Let X1 ⊗ · · · ⊗ Xn denote the n-fold algebraic tensor product of X1, . . . , Xn and let X1 ⊗ˆπ · · · ⊗ˆπ Xn denote the n-fold
projective tensor product of X1, . . . , Xn with the projective tensor norm
‖u‖π = inf
{∑
k
‖x1,k‖ · · · ‖xn,k‖: u =
∑
k
x1,k ⊗ · · · ⊗ xn,k ∈ X1 ⊗ · · · ⊗ Xn
}
. (2.4)
Deﬁne an n-linear operator ⊗ : X1 × · · · × Xn → X1 ⊗ · · · ⊗ Xn by
⊗(x1, . . . , xn) = x1 ⊗ · · · ⊗ xn
(
(x1, . . . , xn) ∈ X1 × · · · × Xn
)
. (2.5)
Then for every T ∈ L(X1, . . . , Xn; Y ) there exists a unique T⊗ in L(X1 ⊗ˆπ · · · ⊗ˆπ Xn; Y ) such that
T = T⊗ ◦ ⊗ and ‖T‖ = ∥∥T⊗∥∥. (2.6)
Let
⊗
n,s X denote the completed n-fold symmetric algebraic tensor product of X and let
⊗ˆ
n,s,π X denote the completed
n-fold symmetric projective tensor product of X with the symmetric projective tensor norm
‖u‖s,π = inf
{∑
k
‖xk‖n: u =
∑
k
xk ⊗ · · · ⊗ xk ∈
⊗
n,s
X
}
. (2.7)
Deﬁne an n-homogeneous polynomial ⊗ : X →⊗n,s X by
⊗(x) = x⊗ · · · ⊗ x (x ∈ X). (2.8)
(The right hand sides of (2.5) and (2.8) do not lead to confusion.) Then for every P ∈ P(n X; Y ) there exists a unique P⊗ in
L(⊗ˆn,s,π X; Y ) such that
P = P⊗ ◦ ⊗ and ‖P‖ = ∥∥P⊗∥∥. (2.9)
(For the basic knowledge about n-linear operators, n-homogeneous polynomials, and projective tensor products X1 ⊗ˆπ
· · · ⊗ˆπ Xn and ⊗ˆn,s,π X , we refer to [11, Sections 1.1 and 1.2].)
Throughout the paper all vector lattices are Archimedean. For vector lattices E1, . . . , En, E , F , an n-linear operator T : E1×
· · · × En → F is called positive if T (x1, . . . , xn) ∈ F+ whenever x1 ∈ E+1 , . . . , xn ∈ E+n . T is called regular if T is the difference
of two positive n-linear operators. Let Lr(E1, . . . , En; F ) denote the space of all regular n-linear operators from E1 ×· · ·× En
to F . In the case that E1 = · · · = En = E , we will write Lr(E1, . . . , En; F ) as Lr(nE; F ). If in addition F is Dedekind complete
then by [18, Lemma 2.12 and Proposition 2.14], Lr(E1, . . . , En; F ) is a Dedekind complete vector lattice and for every T ∈
Lr(E1, . . . , En; F ) and every x1 ∈ E+1 , . . . , xn ∈ E+n , we have{ ∑
i1,...,in
(
T (u1,i1 , . . . ,un,in )
)+
: uk ∈ Πxk, 1 k n
}
↑ T+(x1, . . . , xn),
{ ∑
i1,...,in
(
T (u1,i1 , . . . ,un,in )
)−
: uk ∈ Πxk, 1 k n
}
↑ T−(x1, . . . , xn),
{ ∑
i1,...,in
∣∣T (u1,i1 , . . . ,un,in )∣∣: uk ∈ Πxk, 1 k n
}
↑ |T |(x1, . . . , xn), (2.10)
where u1 = (u1,i1)p1 ∈ Πx1, . . . , un = (un,in )pn ∈ Πxn .i1=1 in=1
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P is called regular if it is the difference of two positive polynomials. It is easy to see that P is regular if and only if
Pˇ is regular. Let Pr(nE; F ) denote the space of all regular n-homogeneous polynomials from E to F . If in addition F is
Dedekind complete then by [18, Lemma 2.15 and Lemma 2.16], Pr(nE; F ) is a Dedekind complete vector lattice and for
every P ∈ Pr(nE; F ) and every x ∈ E+ , we have{ ∑
i1,...,in
(
Pˇ (vi1 , . . . , vin )
)+
: v = (v1, . . . , vk) ∈ Πx
}
↑ P+(x),
{ ∑
i1,...,in
(
Pˇ (vi1 , . . . , vin )
)−
: v = (v1, . . . , vk) ∈ Πx
}
↑ P−(x),
{ ∑
i1,...,in
∣∣ Pˇ (vi1 , . . . , vin)∣∣: v = (v1, . . . , vk) ∈ Πx
}
↑ |P |(x). (2.11)
It follows from (2.11) that if P  0 then for every x ∈ E+ ,
P (x) = |P |(x) = sup
{ ∑
i1,...,in
∣∣ Pˇ (vi1 , . . . , vin )∣∣: v ∈ Πx
}
 sup
{∑
k
∣∣ Pˇ (vk, . . . , vk)∣∣: v ∈ Πx
}

∣∣ Pˇ (x, . . . , x)∣∣= ∣∣P (x)∣∣= P (x).
Thus if P  0 then for every x ∈ E+ ,
sup
{ ∑
i1,...,in
Pˇ (vi1 , . . . , vin ): v ∈ Πx
}
= sup
{∑
k
Pˇ (vk, . . . , vk): v ∈ Πx
}
. (2.12)
If in addition E1, . . . , En, E, F are Banach lattices such that F is Dedekind complete then Lr(E1, . . . , En; F ) is a Banach
lattice with the regular operator norm ‖T‖r = ‖|T |‖ for every T ∈ Lr(E1, . . . , En; F ). Then also Pr(nE; F ) is a Banach lattice
with the regular operator norm ‖P‖r = ‖|P |‖ for every P ∈ Pr(nE; F ). By (2.3),
‖P‖r  ‖ Pˇ‖r  n
n
n! ‖P‖r
(
P ∈ Pr(nE; F )). (2.13)
It follows from (2.10) and (2.11) that for every T ∈ Lr(E1, . . . , En; F ),
‖T‖r = sup
{∥∥∥∥ ∑
i1,...,in
∣∣T (u1,i1 , . . . ,un,in )∣∣
∥∥∥∥: uk,ik ∈ E+k , ik = 1, . . . , pk,
∥∥∥∥∑
ik
uk,ik
∥∥∥∥ 1, 1 k n
}
(2.14)
and for every P ∈ Pr(nE; F ),
‖P‖r = sup
{∥∥∥∥ ∑
i1,...,in
∣∣ Pˇ (vi1 , . . . , vin)∣∣
∥∥∥∥: vk ∈ E+,
∥∥∥∥∑
k
vk
∥∥∥∥ 1
}
. (2.15)
3. Positive projective tensor products
Let E1, . . . , En, E, F be vector lattices. An n-linear operator T : E1 × · · · × En → F is called a lattice n-morphism if
|T (x1, . . . , xn)| = T (|x1|, . . . , |xn|). Let (E1 ⊗¯ · · · ⊗¯ En,⊗) denote the n-fold (Archimedean) vector lattice tensor product of
E1, . . . , En (see [12,13,22]). We collect the following well-known facts about this tensor product.
(a) E1 ⊗¯ · · · ⊗¯ En is a vector lattice and ⊗ is a lattice n-morphism from E1 × · · · × En to E1 ⊗¯ · · · ⊗¯ En deﬁned by
⊗(x1, . . . , xn) = x1 ⊗ · · · ⊗ xn for every x1 ∈ E1, . . . , xn ∈ En .
(b) For any (Archimedean) vector lattice F there is a one-to-one correspondence between lattice n-morphisms T : E1 ×· · ·×
En → F and lattice homomorphisms T⊗ : E1 ⊗¯ · · · ⊗¯ En → F given by T = T⊗ ◦ ⊗.
(c) For any uniformly complete (Archimedean) vector lattice F there is a one-to-one correspondence between positive
n-linear maps T : E1 × · · · × En → F and increasing linear maps T⊗ : E1 ⊗¯ · · · ⊗¯ En → F given by T = T⊗ ◦ ⊗.
(d) E1 ⊗ · · · ⊗ En is dense in E1 ⊗¯ · · · ⊗¯ En in the sense that for any u ∈ E1 ⊗¯ · · · ⊗¯ En there exist x1 ∈ E+1 , . . . , xn ∈ E+n such
that, for every δ > 0, there is v ∈ E1 ⊗ · · · ⊗ En with |u − v| δx1 ⊗ · · · ⊗ xn .
(e) If u ∈ E1 ⊗¯ · · · ⊗¯ En then there exist x1 ∈ E+, . . . , xn ∈ E+n such that |u| x1 ⊗ · · · ⊗ xn .1
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. . . , xn > 0 in En such that u  x1 ⊗ · · · ⊗ xn > 0.
The following proposition is straightforward.
Proposition 3.1. Let E1, . . . , En, F be vector lattices such that F is Dedekind complete. Then Lr(E1, . . . , En; F ) is lattice isomorphic
to Lr(E1 ⊗¯ · · · ⊗¯ En; F ) under the lattice isomorphism T → T⊗ .
Let
⊗¯
n,s E denote the n-fold vector lattice symmetric tensor product of E . Similarly we have the following.
Proposition 3.2. Let E and F be vector lattices such that F is Dedekind complete. Then Pr(nE; F ) is lattice isomorphic to
Lr(⊗¯n,s E; F ) under the lattice isomorphism P → P⊗ , where P = P⊗ ◦ ⊗ and ⊗ : E → ⊗¯n,s E deﬁned by ⊗(x) = x ⊗ · · · ⊗ x
for every x ∈ E.
For Banach lattices E1, . . . , En , the positive projective tensor norm ‖ · ‖|π | on E1 ⊗¯ · · · ⊗¯ En is deﬁned by
‖u‖|π | = inf
{∑
k
‖x1,k‖ · · · ‖xn,k‖: xi,k ∈ E+i , |u|
∑
k
x1,k ⊗ · · · ⊗ xn,k
}
for every u ∈ E1 ⊗¯ · · · ⊗¯ En . Then ‖ · ‖|π | is a lattice norm on E1 ⊗¯ · · · ⊗¯ En (see [13]) and
(g) E1 ⊗ · · · ⊗ En is norm dense in E1 ⊗¯ · · · ⊗¯ En , and
(h) the cone generated by {x1 ⊗ · · · ⊗ xn: xk ∈ E+k , 1 k n} is norm dense in (E1 ⊗¯ · · · ⊗¯ En)+ .
Let E1 ⊗ˆ|π | · · · ⊗ˆ|π | En denote the completion of E1 ⊗¯ · · · ⊗¯ En under the lattice norm ‖ · ‖|π | . Then E1 ⊗ˆ|π | · · · ⊗ˆ|π | En is a
Banach lattice, called the positive n-fold projective tensor product of E1, . . . , En . Let F be a Dedekind complete Banach lattice
and let T ∈ Lr(E1, . . . , En; F ). Then for every (x1, . . . , xn) ∈ E1 × · · · × En ,∥∥T (x1, . . . , xn)∥∥= ∥∥T⊗(x1 ⊗ · · · ⊗ xn)∥∥

∥∥T⊗∥∥ · ‖x1 ⊗ · · · ⊗ xn‖|π |
= ∥∥T⊗∥∥ · ‖x1‖ · · · ‖xn‖.
Thus
‖T‖ ∥∥T⊗∥∥ (T ∈ Lr(E1, . . . , En; F )). (3.1)
Now let T  0. For every u ∈ E1 ⊗¯ · · · ⊗¯ En and every ε > 0, there exist xi,k ∈ E+i such that |u|
∑
k x1,k ⊗ · · · ⊗ xn,k and∑
k
‖x1,k‖ · · · ‖xn,k‖ < ‖u‖|π | + ε.
Thus
∥∥T⊗(u)∥∥= ∥∥∣∣T⊗(u)∣∣∥∥ ∥∥T⊗(|u|)∥∥ ∥∥∥∥T⊗
(∑
k
x1,k ⊗ · · · ⊗ xn,k
)∥∥∥∥
=
∥∥∥∥∑
k
T (x1,k, . . . , xn,k)
∥∥∥∥∑
k
∥∥T (x1,k, . . . , xn,k)∥∥

∑
k
‖T‖ · ‖x1,k‖ · · · ‖xn,k‖ < ‖T‖ ·
(‖u‖|π | + ε).
It follows that ‖T⊗(u)‖ ‖T‖ · ‖u‖|π | and ‖T⊗‖ ‖T‖. By (3.1) we have
‖T‖ = ∥∥T⊗∥∥ (T ∈ Lr(E1, . . . , En; F )+). (3.2)
Combining (3.2) with Proposition 3.1 we have the following.
Proposition 3.3. Let E1, . . . , En, F be Banach lattices such that F is Dedekind complete. Then Lr(E1, . . . , En; F ) is isometrically
isomorphic and lattice homomorphic to Lr(E1 ⊗ˆ|π | · · · ⊗ˆ|π | En; F ).
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⊗¯
n,s E is deﬁned by
‖u‖s,|π | = inf
{∑
k
‖xk‖n: xk ∈ E+, |u|
∑
k
xk ⊗ · · · ⊗ xk
} (
u ∈
⊗¯
n,s
E
)
.
Then ‖ · ‖s,|π | is a lattice norm on ⊗¯n,s E . Let ⊗ˆn,s,|π | E denote the completion of ⊗¯n,s E under the lattice norm ‖ · ‖s,|π | .
Then
⊗ˆ
n,s,|π | E is a Banach lattice, called the positive n-fold symmetric projective tensor product of E . Let F be a Dedekind
complete Banach lattice. Similar to (3.1) and (3.2) we have
‖P‖ ∥∥P⊗∥∥ (P ∈ Pr(nE; F )) (3.3)
and
‖P‖ = ∥∥P⊗∥∥ (P ∈ Pr(nE; F )+). (3.4)
Combining (3.4) with Proposition 3.2 we have the following.
Proposition 3.4. Let E and F be Banach lattices such that F is Dedekind complete. Then Pr(nE; F ) is isometrically isomorphic and
lattice homomorphic to Lr(⊗ˆn,s,|π | E; F ).
For an n-homogeneous polynomial P from a Banach lattice E to a Banach space Y , the variation of P is deﬁned by
Var(P ) = sup
{∥∥∥∥ ∑
i1,...,in
i1,...,in Pˇ (xi1 , . . . , xin )
∥∥∥∥: xk ∈ E+,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, i1,...,in = ±1
}
.
P is said to have ﬁnite variation if Var(P ) < ∞. It is easy to see that ‖P‖ Var(P ) and that the n-homogeneous polynomials
P : E → Y for which Var(P ) is ﬁnite form a vector space Pvar(nE; Y ) on which Var(·) is a norm. Moreover we have the
following.
Theorem 3.5. Let E be a Banach lattice and Y be a Banach space. Then for every P ∈ Pvar(nE; Y ) there exists a unique P⊗ in
L(⊗ˆn,s,|π | E; Y ) such that
P = P⊗ ◦ ⊗ and Var(P ) = ∥∥P⊗∥∥.
Moreover Pvar(nE; Y ) is isometrically isomorphic to L(⊗ˆn,s,|π | E; Y ).
Proof. Take P ∈ Pvar(nE; Y ) and f ∈ Y ∗ . Then f ◦ P ∈ P(nE). Take x, x1, . . . , xm ∈ E+ such that ∑k xk = x. Let
i1,...,in = sign
(
f
(
Pˇ (xi1 , . . . , xin )
))
.
Then ∑
i1,...,in
∣∣( f ◦ Pˇ )(xi1 , . . . , xin )∣∣= f
( ∑
i1,...,in
i1,...,in Pˇ (xi1 , . . . , xin )
)
 ‖ f ‖ ·
∥∥∥∥ ∑
i1,...,in
i1,...,in Pˇ (xi1 , . . . , xin )
∥∥∥∥
 ‖ f ‖ · Var(P ) ·
∥∥∥∥∑
i1
xi1
∥∥∥∥ · · ·
∥∥∥∥∑
in
xin
∥∥∥∥
= ‖ f ‖ · Var(P ) · ‖x‖n.
It follows from (2.11) that f ◦ P ∈ Pr(nE) and
| f ◦ P |(x) ‖ f ‖ · Var(P ) · ‖x‖n.
By Proposition 3.4 it follows that f ◦ P induces ( f ◦ P )⊗ ∈ (⊗ˆn,s,|π | E)∗ such that∣∣( f ◦ P )⊗∣∣= | f ◦ P |⊗ and ‖ f ◦ P‖r = ∥∥( f ◦ P )⊗∥∥r .
Thus
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(
⊗ˆ
n,s,|π | E)∗
=
∥∥∥∥( f ◦ P )⊗ : ⊗ˆ
n,s,|π |
E →R
∥∥∥∥
r
= ‖ f ◦ P : E →R‖r =
∥∥| f ◦ P | : E →R∥∥
= sup{∥∥| f ◦ P |(x)∥∥: x ∈ E+, ‖x‖ 1} ‖ f ‖ · Var(P ).
Therefore we have a continuous linear map f → ( f ◦ P )⊗ of Y ∗ to (⊗ˆn,s,|π | E)∗ . Deﬁne P⊗ :⊗ˆn,s,|π | E → Y ∗∗ by
P⊗(u)( f ) = ( f ◦ P )⊗(u)
(
u ∈
⊗ˆ
n,s,|π |
E, f ∈ Y ∗
)
.
Then ‖P⊗‖ Var(P ) and for every x ∈ E we have
P⊗(x⊗ · · · ⊗ x)( f ) = ( f ◦ P )⊗(x⊗ · · · ⊗ x) = ( f ◦ P )(x) = f (P (x)).
Thus
P⊗(x⊗ · · · ⊗ x) = P (x)
and hence P⊗ maps
⊗
n,s E to Y . Since P
⊗ is continuous and
⊗
n,s E is norm dense in
⊗ˆ
n,s,|π | E , it follows that P⊗ maps⊗ˆ
n,s,|π | E to Y . Moreover we have
Var(P ) = sup
{∥∥∥∥ ∑
i1,...,in
i1,...,in Pˇ (xi1 , . . . , xin )
∥∥∥∥: xk ∈ E+,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, i1,...,in = ±1
}
= sup
{∥∥∥∥ ∑
i1,...,in
i1,...,in P
⊗(xi1 ⊗ · · · ⊗ xin )
∥∥∥∥: xk ∈ E+,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, i1,...,in = ±1
}
= sup
{∥∥∥∥P⊗
( ∑
i1,...,in
i1,...,in xi1 ⊗ · · · ⊗ xin
)∥∥∥∥: xk ∈ E+,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, i1,...,in = ±1
}

∥∥P⊗∥∥ · sup{∥∥∥∥ ∑
i1,...,in
i1,...,in xi1 ⊗ · · · ⊗ xin
∥∥∥∥
s,|π |
: xk ∈ E+,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, i1,...,in = ±1
}
= ∥∥P⊗∥∥ · sup{∥∥∥∥
∣∣∣∣ ∑
i1,...,in
i1,...,in xi1 ⊗ · · · ⊗ xin
∣∣∣∣
∥∥∥∥
s,|π |
: xk ∈ E+,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, i1,...,in = ±1
}

∥∥P⊗∥∥ · sup{∥∥∥∥ ∑
i1,...,in
xi1 ⊗ · · · ⊗ xin
∥∥∥∥
s,|π |
: xk ∈ E+,
∥∥∥∥∑
k
xk
∥∥∥∥ 1
}
= ∥∥P⊗∥∥ · sup{∥∥∥∥
(∑
i1
xi1
)
⊗ · · · ⊗
(∑
in
xin
)∥∥∥∥
s,|π |
: xk ∈ E+,
∥∥∥∥∑
k
xk
∥∥∥∥ 1
}
= ∥∥P⊗∥∥ · sup{∥∥∥∥∑
k
xk
∥∥∥∥
n
: xk ∈ E+,
∥∥∥∥∑
k
xk
∥∥∥∥ 1
}

∥∥P⊗∥∥.
Therefore Var(P ) = ‖P⊗‖. 
4. Orthogonally additive polynomials with Banach space range
Let E be a vector lattice and let Y be a vector space. An n-linear operator T : E × · · · × E → Y is called orthosymmetric if
T (x1, . . . , xn) = 0 whenever x1, . . . , xn ∈ E with xi ⊥ x j for some i = j, i, j = 1, . . . ,n. In [5] it is shown that every positive
orthosymmetric n-linear operator with values in a vector lattice is symmetric. An n-homogeneous polynomial P : E → Y is
called orthogonally additive if P (x+ y) = P (x)+ P (y) whenever x, y ∈ E with x ⊥ y. Let Po(nE; Y ) denote the space of all n-
homogeneous orthogonally additive (continuous in the case that E is a Banach lattice and Y is a Banach space) polynomials
from E to Y .
Lemma 4.1. Let E be a Banach lattice and let Y be a Banach space. Then P ∈ Po(nE; Y ) if and only if its corresponding symmetric
n-linear operator Pˇ is orthosymmetric.
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additive. Take x1, . . . , xn ∈ E with xi ⊥ x j for some i = j, i, j = 1, . . . ,n. Let e = |x1| + · · · + |xn| and let Ee be the principal
ideal generated by e. It follows from [19, Proposition 1.2.13] that e is an order unit of Ee and the order unit norm ‖ · ‖e is
an M-norm on Ee . By the Kakutani Theorem (see [19, Theorem 2.1.3]) it follows that (Ee,‖ · ‖e) is isometrically isomorphic
and lattice homomorphic to a dense subspace E0 of C(K ) for a compact Hausdorff space K . Let P0 denote the polynomial
deﬁned on E0 corresponding to P . Since P : E → Y is continuous and ‖x‖ ‖x‖e for every x ∈ Ee (where ‖ · ‖ is the original
norm on E), it follows that P0 : E0 → Y is also continuous and can be extended to P0 :C(K ) → Y . Thus by [20, Theorem 2.1]
there exists a Y ∗∗-valued measure ν such that
P0( f ) =
∫
K
f n dν
(
f ∈ C(K )).
Let Pˇ0 denote the symmetric n-linear operator corresponding to P0. By the Polarization Formula (2.2),
Pˇ0( f1, . . . , fn) = 1
2nn!
∑
i=±1
1 · · ·n
∫
K
(
n∑
i=1
i f i
)n
dν =
∫
K
f1 · · · fn dν,
for every f1, . . . , fn ∈ C(K ). Therefore Pˇ0 is orthosymmetric and then Pˇ is orthosymmetric as well. 
The proof of the following lemma is straightforward and is omitted.
Lemma 4.2. Let X and Y be Banach spaces, let I be a closed subspace of X , and let q : X → X/I be the quotient map. Then for every
T ∈ L(X; Y ) with I ⊆ ker(T ), the kernel of T , there exists a unique T˜ in L(X/I; Y ) such that T = T˜ ◦ q and ‖T‖ = ‖T˜‖.
For a Banach lattice E , let Ic be the closed subspace generated by the set
A := {x1 ⊗ · · · ⊗ xn: xk ∈ E, xi ⊥ x j, for some i, j} (4.1)
in
⊗ˆ
n,s,π E and let
qc :
⊗ˆ
n,s,π
E →
⊗ˆ
n,s,π
E/Ic (4.2)
be the quotient map.
Theorem 4.3. Let E be a Banach lattice and let Y be a Banach space. Then for every P ∈ Po(nE; Y ) there exists a unique P˜ in
L(⊗ˆn,s,π E/Ic; Y ) such that
P = P˜ ◦ qc ◦ ⊗ and ‖P‖ = ‖ P˜‖.
Moreover Po(nE; Y ) is isometrically isomorphic to L(⊗ˆn,s,π E/Ic; Y ) under the mapping P → P˜ .
Proof. Take any P ∈ Po(nE; Y ). By (2.9) there exists a unique P⊗ in L(⊗ˆn,s,π E; Y ) such that
P = P⊗ ◦ ⊗ and ‖P‖ = ∥∥P⊗∥∥.
It follows from Lemma 4.1 that Pˇ is orthosymmetric and
P⊗(x1 ⊗ · · · ⊗ xn) = Pˇ (x1, . . . , xn) = 0
whenever xi ⊥ x j for some i, j = 1, . . . ,n. Thus Ic ⊆ ker(P⊗). By Lemma 4.2 there exists a unique P˜ in L(⊗ˆn,s,π E/Ic; Y )
such that
P⊗ = P˜ ◦ qc and
∥∥P⊗∥∥= ‖ P˜‖.
P˜ is as required. 
If E is a Banach space with 1-unconditional basis (ek)∞1 then E is a Banach lattice with the order deﬁned coordinatewise.
The main diagonal of
⊗ˆ
n,s,π E is the closed subspace 
 spanned in
⊗ˆ
n,s,π E by the diagonal vectors ek ⊗ · · · ⊗ ek . Deﬁne
Q :
⊗ˆ
n,s,π E → 
 by
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{
ei1 ⊗ · · · ⊗ ein if i1 = · · · = in,
0 otherwise.
By [21, Lemma 2], Q is a continuous projection with ‖Q ‖ 1 and hence 
 is complemented in ⊗ˆn,s,π E . Note that Ic is
the closed subspace spanned in
⊗ˆ
n,s,π E by the vectors ei1 ⊗ · · · ⊗ ein with ik = i j for some k, j. Thus
⊗ˆ
n,s,π E = 
 ⊕ Ic
and then
⊗ˆ
n,s,π E/Ic = 
. Therefore we have the following consequence.
Corollary 4.4. Let E, Y be Banach spaces such that E has a 1-unconditional basis, and let 
 be the main diagonal of
⊗ˆ
n,s,π E. Then
Po(nE; Y ) is isometrically isomorphic to L(
; Y ). In particular, Po(nE) is isometrically isomorphic to 
∗ .
Remark 4.5. By [3] (also see [21, Proposition 1]), if E = p (1  p < ∞) then 
 =  p
n
if p > n and 
 = 1 if p  n. Thus
Po(np) =  p
p−n
if p > n and Po(np) = ∞ if p  n, which is a result by Sundaresan in [23].
5. Orthogonally additive polynomials with Banach lattice range
For vector lattices E and F such that F is Dedekind complete, let Pro(nE; F ) denote the space of all regular polynomials P
for which |P | is orthogonally additive. Then Pro(nE; F ) ⊆ Po(nE; F ).
Lemma 5.1. Let E and F be vector lattices. Then P ∈ Po(nE; F )+ if and only if its corresponding symmetric n-linear operator Pˇ is
orthosymmetric.
Proof. It is easy to see that if Pˇ is orthosymmetric then P is orthogonally additive. Now assume that P is orthogonally
additive. Take x1, . . . , xn ∈ E with xi ⊥ x j for some i = j, i, j = 1, . . . ,n. Let e = |x1| + · · · + |xn| and let Ee be the principal
ideal generated by e. It follows from the Kakutani Theorem that Ee is uniformly dense in a C(K )-space for a compact
Hausdorff space K . Let P0 denote the polynomial deﬁned on Ee corresponding to P . Since the vector lattice generated by
the range P0[Ee] in F also has an order unit, it follows from the Kakutani Theorem that the vector lattice generated by
the range P0[Ee] is uniformly dense in a C(L)-space for a compact Hausdorff space L. Now take any g ∈ C(L)∗+ . Since P
is positive, P0 and g ◦ P0 are positive. It follows from the uniform density of Ee in C(K ) that g ◦ P0 can be extended to a
positive orthogonally additive polynomial C(K ) →R, which is continuous by [14, Proposition 4.1]. Thus by [20, Theorem 2.1]
there exists a real-valued measure ν such that
(g ◦ P0)( f ) =
∫
K
f n dν
(
f ∈ Ee ⊆ C(K )
)
.
Let Pˇ0 denote the symmetric n-linear operator corresponding to P0. By the Polarization Formula (2.2),
(g ◦ Pˇ0)( f1, . . . , fn) = 1
2nn!
∑
i=±1
1 · · ·n
∫
K
(
n∑
i=1
i f i
)n
dν =
∫
K
f1 · · · fn dν
for every f1, . . . , fn ∈ Ee ⊆ C(K ). Therefore g ◦ Pˇ0 is orthosymmetric. Then Pˇ0 and Pˇ are orthosymmetric. 
Remark 5.2. The idea for the proofs of Lemma 4.1 and Lemma 5.1 derives from [16, Theorem 3.2.9]. But the proof of The-
orem 3.2.9 in [16] is not complete. We gave the complete proofs of Lemma 4.1 and Lemma 5.1 here since both of these
lemmas will play a critical role in what follows. After completion of our manuscript we became aware of the recent pa-
pers [15] and [24]. In [15] some of the ideas of [16] are pursued; in the context of the current work, Theorem 2.1 in [15]
allows the range space to be a Banach space, whereas our range spaces are vector lattices. However, their Theorem 2.1 also
assumes that the orthogonally additive polynomial is positive, which seems to suggest that they meant “Banach lattice”
rather than “Banach space”. In addition, the proof of their Theorem 2.1 is incomplete as it incorrectly assumes that a prin-
cipal ideal of an Archimedean vector lattice can be embedded as an (order dense) ideal in a space of continuous functions.
The conditions in the set-up of [24] assume that the domain space has what the author calls the weak Freudenthal property.
But the results of [24] as relating to our paper are derived for all Banach lattices as domain in this paper. Otherwise, both
of the papers, [15] and [24], pursue the kind of representation result that was obtained in [4], which, as we explain in
Section 7, follows from our paper.
The proof of the following lemma is elementary and is omitted.
Lemma 5.3. Let E and F be vector lattices such that F is Dedekind complete, let I be a uniformly closed ideal of E, and let q : E → E/I
be the quotient map. Then for every T ∈ Lr(E; F ) with I ⊆ NT = {x ∈ E: |T |(|x|) = 0} there exists a unique T˜ in Lr(E/I; F ) such that
T = T˜ ◦ q and |T | = |T˜ | ◦ q. In addition, if E and F are Banach lattices then ‖T‖ = ‖T˜‖ and ‖T‖r = ‖T˜‖r .
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⊗¯
n,s E spanned by the subset A of
⊗¯
n,s E deﬁned
in (4.1) and let
qo :
⊗¯
n,s
E →
⊗¯
n,s
E/Io (5.1)
be the quotient map. In the case that E is a Banach lattice, let Ioc be the norm closure of Io in
⊗ˆ
n,s,|π | E and let
qoc :
⊗ˆ
n,s,|π |
E →
⊗ˆ
n,s,|π |
E/Ioc (5.2)
be the quotient map.
Theorem 5.4. Let E be a uniformly complete vector lattice and let F be a Dedekind complete vector lattice. Then for every
P ∈ Pro(nE; F ) there exists a unique P˜ in Lr(
⊗¯
n,s E/Io; F ) such that
P = P˜ ◦ qo ◦ ⊗ and |P | = | P˜ | ◦ qo ◦ ⊗.
Moreover, Pro(nE; F ) is lattice isomorphic to Lr(
⊗¯
n,s E/Io; F ) under the mapping P → P˜ . If in addition E and F are Banach lattices
then for every P ∈ Pro(nE; F ) there exists a unique P˜ in Lr(
⊗ˆ
n,s,|π | E/Ioc; F ) such that
P = P˜ ◦ qoc ◦ ⊗, |P | = | P˜ | ◦ qoc ◦ ⊗, and ‖P‖r = ‖ P˜‖r .
Moreover, Pro(nE; F ) is isometrically isomorphic and lattice homomorphic to Lr(
⊗ˆ
n,s,|π | E/Ioc; F ) under the mapping P → P˜ .
Proof. Take any P ∈ Pro(nE; F ). By Proposition 3.2 and Proposition 3.4 there exists a unique P⊗ in Lr(
⊗¯
n,s E; F ) (resp. P⊗
in Lr(⊗ˆn,s,|π | E; F )) such that
P = P⊗ ◦ ⊗ and |P | = ∣∣P⊗∣∣ ◦ ⊗ (resp. ‖P‖r = ∥∥P⊗∥∥r).
Since |P | is orthogonally additive, it follows from Lemma 5.1 that | Pˇ | is orthosymmetric and hence
∣∣P⊗∣∣(x1 ⊗ · · · ⊗ xn) = | Pˇ |(x1, . . . , xn) = 0
whenever xi ⊥ x j for some i, j = 1, . . . ,n. Thus Io ⊆ Ioc ⊆ NP⊗ . By Lemma 5.3 there exists a unique P˜ in Lr(
⊗¯
n,s E/Io; F )
(resp. P˜ in Lr(⊗ˆn,s,|π | E/Ioc; F )) such that
P⊗ = P˜ ◦ qo and
∣∣P⊗∣∣= | P˜ | ◦ qo
(resp.
P⊗ = P˜ ◦ qoc,
∣∣P⊗∣∣= | P˜ | ◦ qoc, and ∥∥P⊗∥∥r = ‖ P˜‖r).
P˜ is as required. 
6. Orthogonally additive polynomials with a certain vector lattice domain
Lemma 6.1. Let E be a σ -Dedekind complete vector lattice and let F be a Dedekind complete vector lattice. Then for every P ∈
Pr(nE; F ) and every x ∈ E+ , we have{ ∑
i1,...,in
(
Pˇ (xi1 , . . . , xin )
)+
: xk ∈ E+, pairwise disjoint,
∑
k
xk = x
}
↑ P+(x),
{ ∑
i1,...,in
(
Pˇ (xi1 , . . . , xin )
)−
: xk ∈ E+, pairwise disjoint,
∑
k
xk = x
}
↑ P−(x),
{ ∑ ∣∣ Pˇ (xi1 , . . . , xin )∣∣: xk ∈ E+, pairwise disjoint, ∑ xk = x
}
↑ |P |(x). (6.1)i1,...,in k
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k
P (xk)
+: xk ∈ E+, pairwise disjoint,
∑
k
xk = x
}
↑ P+(x),
{∑
k
P (xk)
−: xk ∈ E+, pairwise disjoint,
∑
k
xk = x
}
↑ P−(x),
{∑
k
∣∣P (xk)∣∣: xk ∈ E+, pairwise disjoint, ∑
k
xk = x
}
↑ |P |(x). (6.2)
Proof. If n = 1 then the formula (6.1) is just Theorem 3.17 in [2, p. 39]. Similar to the proofs of Proposition 2.14 and
Lemma 2.16 in [18], we can prove that the formula (6.1) holds for all n ∈N by induction on n.
If in addition P ∈ Pro(nE; F ) then |P | is orthogonally additive and hence P+ and P− are orthogonally additive. It follows
from Lemma 5.1 that Pˇ+ and Pˇ− are orthosymmetric and then Pˇ = Pˇ+ − Pˇ− is orthosymmetric. Thus the left sides in (6.1)
are identical to the left sides of (6.2). 
Theorem 6.2. Let E be a σ -Dedekind complete vector lattice and let F be a Dedekind complete vector lattice. If P ∈ Pr(nE; F ) then
P is orthogonally additive if and only if |P | is orthogonally additive.
Proof. Since |P (x+ y)| |P |(|x| + |y|) for every x, y ∈ E , we only need to show that if P ∈ Po(nE; F ) then |P | ∈ Po(nE; F ).
Take any x, y ∈ E+ such that x ⊥ y. Since E has the principal projection property, there are z1, . . . , zm ∈ E+ such that zi ⊥ z j
for i = j and such that ∑k zk = x+ y. Since x x+ y, by [2, Theorem 1.9, p. 9] there are x1, . . . , xm ∈ E+ such that x =∑k xk
and xk  zk . Thus xi ⊥ x j for i = j. Deﬁne yk = zk − xk . Then y =∑k yk and yk  zk . Thus yi ⊥ y j for i = j. Note that xk  x,
yk  y, and x ⊥ y. So xk ⊥ yk . Thus it follows from (6.2) that
|P |(x+ y) = sup
{∑
k
∣∣P (zk)∣∣: zk ∈ E+, pairwise disjoint, ∑
k
zk = x+ y
}
= sup
{∑
k
∣∣P (xk + yk)∣∣: xk ∈ E+, pairwise disjoint, ∑
k
xk = x,
yk ∈ E+, pairwise disjoint,
∑
k
yk = y
}
= sup
{∑
k
∣∣P (xk) + P (yk)∣∣: xk ∈ E+, pairwise disjoint, ∑
k
xk = x,
yk ∈ E+, pairwise disjoint,
∑
k
yk = y
}
 sup
{∑
k
∣∣P (xk)∣∣: xk ∈ E+, pairwise disjoint, ∑
k
xk = x
}
+ sup
{∑
k
∣∣P (yk)∣∣: yk ∈ E+, pairwise disjoint, ∑
k
yk = y
}
 |P |(x) + |P |(y).
On the other hand,
|P |(x+ y) = | Pˇ |(x+ y, . . . , x+ y)
= | Pˇ |(x, . . . , x) + | Pˇ |(y, . . . , y) + positive terms
 |P |(x) + |P |(y).
Thus |P |(x+ y) = |P |(x) + |P |(y) and hence |P | ∈ Po(nE; F ). 
Lemma 6.3. Let E be a σ -Dedekind complete Banach lattice and let Y be a Banach space. Then for every P ∈ P(nE; Y ),
Var(P ) = sup
{∥∥∥∥ ∑ i1,...,in Pˇ (xi1 , . . . , xin )
∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑ xk
∥∥∥∥ 1, i1,...,in = ±1
}
. (6.3)i1,...,in k
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Var(P ) = sup
{∥∥∥∥∑
k
k P (xk)
∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
. (6.4)
Proof. Let c denote the supremum in (6.3). Then c  Var(P ). Next we show that Var(P )  c. Without loss of generality,
assume that c < ∞. Take any δi1,...,in = ±1 and any y1, . . . , ym ∈ E+ with ‖
∑
k yk‖ 1. For each ε > 0 there exists f ∈ Y ∗
such that ‖ f ‖ 1 and∥∥∥∥ ∑
i1,...,in
δi1,...,in Pˇ (yi1 , . . . , yin )
∥∥∥∥
∣∣∣∣ f
( ∑
i1,...,in
δi1,...,in Pˇ (yi1 , . . . , yin )
)∣∣∣∣+ ε. (6.5)
Let x =∑k yk . Then ‖x‖ 1. Moreover by (6.1) we have∣∣∣∣ f
( ∑
i1,...,in
δi1,...,in Pˇ (yi1 , . . . , yin )
)∣∣∣∣

∑
i1,...,in
∣∣ f ◦ Pˇ (yi1 , . . . , yin )∣∣
 | f ◦ Pˇ |
(∑
i1
yi1 , . . . ,
∑
in
yin
)
= | f ◦ Pˇ |(x, . . . , x) = | f ◦ P |(x)
= sup
{ ∑
i1,...,in
∣∣ f ◦ Pˇ (xi1 , . . . , xin )∣∣: xk ∈ E+, pairwise disjoint, ∑
k
xk = x
}
= sup
{∣∣∣∣ ∑
i1,...,in
λi1,...,in f ◦ Pˇ (xi1 , . . . , xin )
∣∣∣∣: xk ∈ E+, pairwise disjoint, ∑
k
xk = x
}
(
here λi1,...,in = sign f
(
Pˇ (xi1 , . . . , xin )
))
 sup
{∣∣∣∣ f
( ∑
i1,...,in
i1,...,in Pˇ (xi1 , . . . , xin )
)∣∣∣∣: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, i1,...,in = ±1
}
 ‖ f ‖ · c  c.
Combining with (6.5) and the deﬁnition of Var(P ), we have Var(P ) c and hence Var(P ) = c.
If in addition P ∈ Po(nE; Y ) then (by Lemma 4.1) Pˇ is orthosymmetric. Thus the supremum in (6.3) is identical to the
supremum in (6.4). 
Theorem 6.4. Let E be a σ -Dedekind complete Banach lattice and let Y be a Banach space. Then for every P ∈ Po(nE; Y ),
‖P‖ Var(P ) n
n
n! ‖P‖.
If in addition n is an odd number then
Var(P ) = ‖P‖.
Proof. It is easy to see that if x1, . . . , xm ∈ E+ and 1 = ±1, . . . , m = ±1 then ‖∑k kxk‖  ‖∑k xk‖. Take any P ∈
Po(nE; Y ). It follows from Lemma 4.1 that Pˇ is orthosymmetric. By Lemma 6.3 we have
Var(P ) = sup
{∥∥∥∥∑
k
k P (xk)
∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
= sup
{∥∥∥∥∑
k
k Pˇ (xk, . . . , xk)
∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
= sup
{∥∥∥∥∑
k
Pˇ (kxk, xk, . . . , xk)
∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
= sup
{∥∥∥∥ ∑ Pˇ (i1xi1 , xi2 , . . . , xin )
∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑ xk
∥∥∥∥ 1, k = ±1
}i1,...,in k
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{∥∥∥∥ Pˇ
(∑
i1
i1xi1 ,
∑
i2
xi2 , . . . ,
∑
in
xin
)∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
 ‖ Pˇ‖ · sup
{∥∥∥∥∑
i1
i1xi1
∥∥∥∥ ·
∥∥∥∥∑
i2
xi2
∥∥∥∥ · · ·
∥∥∥∥∑
in
xin
∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
 ‖ Pˇ‖ · sup
{∥∥∥∥∑
k
xk
∥∥∥∥
n
: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1
}
 ‖ Pˇ‖ n
n
n! ‖P‖.
If in addition n is an odd number then by Lemma 6.3 again we have
Var(P ) = sup
{∥∥∥∥∑
k
k P (xk)
∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
= sup
{∥∥∥∥∑
k
P (kxk)
∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
= sup
{∥∥∥∥P
(∑
k
kxk
)∥∥∥∥: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
 ‖P‖ · sup
{∥∥∥∥∑
k
kxk
∥∥∥∥
n
: xk ∈ E+, pairwise disjoint,
∥∥∥∥∑
k
xk
∥∥∥∥ 1, k = ±1
}
 ‖P‖. 
Theorem 6.5. Let E be a σ -Dedekind complete Banach lattice and let Y be a Banach space. Then for every P ∈ Po(nE; Y ) there exists
a unique P˜ in L(⊗ˆn,s,|π | E/Ioc; Y ) such that
P = P˜ ◦ qoc ◦ ⊗ and ‖P‖ ‖ P˜‖ n
n
n! ‖P‖.
Moreover, Po(nE; Y ) is isomorphic to L(⊗ˆn,s,|π | E/Ioc; F ) under the mapping P → P˜ . If in addition n is an odd number then ‖P‖ =
‖ P˜‖ and hence Po(nE; Y ) is isometrically isomorphic to L(⊗ˆn,s,|π | E/Ioc; F ) under the mapping P → P˜ .
Proof. Take any P ∈ Po(nE; Y ). It follows from Theorem 6.4 that Var(P ) < ∞. By Theorem 3.5 there exists a unique P⊗ in
L(⊗ˆn,s,|π | E; Y ) such that
P = P⊗ ◦ ⊗ and Var(P ) = ∥∥P⊗∥∥. (6.6)
Let f ∈ Y ∗ . Then f ◦ P ∈ Po(nE). It is easy to see that Var( f ◦ P ) = ‖ f ‖ · Var(P ) < ∞. Since f ◦ P is real-valued, it follows
that | f ◦ P | exists. By Proposition 3.4 there exists ( f ◦ P )⊗ ∈ Lr(⊗ˆn,s,|π | E;R) such that
f ◦ P = ( f ◦ P )⊗ ◦ ⊗ and | f ◦ P | = ∣∣( f ◦ P )⊗∣∣ ◦ ⊗. (6.7)
By Theorem 6.2 it follows that | f ◦ P | ∈ Po(nE) and hence (by Lemma 5.1) | f ◦ Pˇ | is orthosymmetric. Thus u ∈ N( f ◦P )⊗ for
every u in the subset A of
⊗¯
n,s E deﬁned in (4.1). Since N( f ◦P )⊗ is a closed ideal, Io ⊆ N( f ◦P )⊗ and hence Ioc ⊆ N( f ◦P )⊗ ⊆
ker(( f ◦ P )⊗). It follows from (6.6) and (6.7) that ( f ◦ P )⊗ = f ◦ P⊗ . Thus for every u ∈ Ioc we have
f
(
P⊗(u)
)= ( f ◦ P⊗)(u) = ( f ◦ P )⊗(u) = 0.
It follows that P⊗(u) = 0 and then Ioc ⊆ ker(P⊗). By Lemma 4.2 there exists a unique P˜ in L(⊗ˆn,s,|π | E/Ioc; Y ) such that
P⊗ = P˜ ◦ qoc and
∥∥P⊗∥∥= ‖ P˜‖.
It follows from (6.6) and Theorem 6.4 that
P = P˜ ◦ qoc ◦ ⊗
and that
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n! ‖P‖.
If moreover n is an odd number then
‖P‖ = Var(P ) = ∥∥P⊗∥∥= ‖ P˜‖. 
7. Connections with existing results
Lemma 7.1. Let E be a σ -Dedekind complete Banach lattice. Then for every u ∈⊗n,s E we have
∥∥qoc(u)∥∥ ∥∥qc(u)∥∥ nn
n!
∥∥qoc(u)∥∥. (7.1)
If in addition n is an odd number then∥∥qoc(u)∥∥= ∥∥qc(u)∥∥. (7.2)
Proof. Let u ∈⊗n,s E with a representation u =∑k xk ⊗ · · · ⊗ xk and take ε > 0. Choose P˜2 ∈ (⊗ˆn,s,|π | E/Ioc)∗ such that
‖ P˜2‖ 1 and∣∣ P˜2(qoc(u))∣∣ ∥∥qoc(u)∥∥ ∣∣ P˜2(qoc(u))∣∣+ ε.
Deﬁne P = P˜2 ◦qoc ◦⊗. By Theorem 6.5 it follows that P ∈ Po(nE) and then by Theorem 4.3 there exists P˜1 ∈ (⊗ˆn,s,π E/Ic)∗
such that
P = P˜1 ◦ qc ◦ ⊗ and ‖P‖ = ‖ P˜1‖.
Thus
∣∣ P˜2(qoc(u))∣∣=
∣∣∣∣∑
k
P (xk)
∣∣∣∣= ∣∣ P˜1(qc(u))∣∣ ‖ P˜1‖ · ∥∥qc(u)∥∥
= ‖P‖ · ∥∥qc(u)∥∥ ‖ P˜2‖ · ∥∥qc(u)∥∥ ∥∥qc(u)∥∥
and hence∥∥qoc(u)∥∥ ∥∥qc(u)∥∥.
On the other hand, choose S˜1 ∈ (⊗ˆn,s,π E/Ic)∗ such that ‖ S˜1‖ 1 and∣∣ S˜1(qc(u))∣∣ ∥∥qc(u)∥∥ ∣∣ S˜1(qc(u))∣∣+ ε.
Deﬁne S = S˜1 ◦qc ◦⊗. By Theorem 4.3 it follows that S ∈ Po(nE) and then by Theorem 6.5 there exists S˜2 ∈ (⊗ˆn,s,|π | E/Ioc)∗
such that
S = S˜2 ◦ qoc ◦ ⊗ and ‖S‖ ‖ S˜2‖ n
n
n! ‖S‖.
Thus
∣∣ S˜1(qc(u))∣∣=
∣∣∣∣∑
k
S(xk)
∣∣∣∣= ∣∣ S˜2(qoc(u))∣∣ ‖ S˜2‖ · ∥∥qoc(u)∥∥
 n
n
n! ‖S‖ ·
∥∥qoc(u)∥∥ nn
n! ‖ S˜1‖ ·
∥∥qoc(u)∥∥ nn
n!
∥∥qoc(u)∥∥
and hence
∥∥qc(u)∥∥ nn
n!
∥∥qoc(u)∥∥.
Therefore (7.1) holds and moreover (7.2) holds for any odd number n. 
860 Q. Bu, G. Buskes / J. Math. Anal. Appl. 388 (2012) 845–862Theorem 7.2. Let E be a σ -Dedekind complete Banach lattice. Then
⊗ˆ
n,s,π E/Ic is isomorphic to
⊗ˆ
n,s,|π | E/Ioc with
‖ · ‖⊗ˆ
n,s,|π | E/Ioc
 ‖ · ‖⊗ˆ
n,s,π E/Ic
 n
n
n! ‖ · ‖⊗ˆn,s,|π | E/Ioc . (7.3)
If in addition n is an odd number then
⊗ˆ
n,s,π E/Ic is isometrically isomorphic to
⊗ˆ
n,s,|π | E/Ioc.
Proof. Take any u ∈ ⊗ˆn,s,π E and qc(u) ∈ ⊗ˆn,s,π E/Ic . Then there exists a sequence {uk}∞1 in ⊗n,s E such that
‖uk − u‖π → 0. Thus qc(uk) → qc(u) in ⊗ˆn,s,π E/Ic and hence {qc(uk)}∞1 is a Cauchy sequence in ⊗ˆn,s,π E/Ic . It fol-
lows from Lemma 7.1 that {qoc(uk)}∞1 is a Cauchy sequence in
⊗ˆ
n,s,|π | E/Ioc . Thus there exists w ∈
⊗ˆ
n,s,|π | E such that
qoc(uk) → qoc(w) in ⊗ˆn,s,|π | E/Ioc . Again it follows from Lemma 7.1 that∥∥qoc(w)∥∥ ∥∥qc(u)∥∥ nn
n!
∥∥qoc(w)∥∥. (7.4)
Similarly, for any w ∈ ⊗ˆn,s,|π | E and qoc(w) ∈ ⊗ˆn,s,|π | E/Ioc there exists u ∈ ⊗ˆn,s,π E satisfying (7.4). 
Remark 7.3. Combining results in [1,10], it is known that for a Banach lattice E the projective tensor product E ⊗ˆπ E is
(isometrically) isomorphic to a Banach lattice (e.g. E ⊗ˆ|π | E) if and only if E is (isometrically) isomorphic to an AL-space
(also see [7, Proposition 42]). However, by Theorem 7.2, if E is any σ -Dedekind complete Banach lattice then the quotient
of the projective tensor product E ⊗ˆπ E/Ic is (isometrically) isomorphic to a Banach lattice (e.g. E ⊗ˆ|π | E/Ioc).
Similar to the proof of Theorem 6.5 we have the following.
Lemma 7.4. Let E be a σ -Dedekind complete Banach lattice and let Y be a Banach space. Then for every P ∈ Po(nE; Y ) there exists a
unique linear operator P˜ :
⊗¯
n,s E/Io → Y such that
P = P˜ ◦ qo ◦ ⊗.
Moreover, Po(nE; Y ) is linearly isomorphic to the space of linear operators of ⊗¯n,s E/Io to Y under the mapping P → P˜ .
From now on we assume that the Banach lattice E is a lattice of functions on some set with the usual order. If x ∈ E and
α > 0 then xα is deﬁned explicitly by xα(s) = |x|α(s) · sign(x(s)). Let E(n) denote its n-concaviﬁcation, i.e. E(n) = {xn: x ∈ E}
with the usual algebraic operations and order, and with the quasi-norm |||x||| = ‖x1/n‖n (x ∈ E(n)). In particular, if E is n-
convex with its n-convexity constant equal to one then ||| · ||| is a norm on E(n) and (E(n), ||| · |||) is a Banach lattice (see [4]
and [17, §1.d]). By [6,8] we have the following.
Proposition 7.5. If E is a vector lattice of functions then
⊗¯
n,s E/Io is lattice isomorphic to E(n) under themapping qo(x⊗· · ·⊗x) → xn
(x ∈ E).
By Lemma 7.4 and Proposition 7.5 it follows that Po(nE; Y ) is linearly isomorphic to the space of linear operators of E(n)
to Y under the mapping P → T P , where T P (xn) = P (x) for every x ∈ E . Moreover, we have
‖T P‖ = sup
{∥∥T P (z)∥∥: z ∈ E(n), |||z||| = ∥∥z1/n∥∥n  1}
= sup{∥∥T P (xn)∥∥: x ∈ E, z = xn ∈ E(n), ‖x‖ = ∥∥z1/n∥∥= |||z|||1/n  1}
= sup{∥∥P (x)∥∥: x ∈ E, ‖x‖ 1}= ‖P‖.
Thus we obtain the following consequence which is Theorem 2.3 in [4].
Corollary 7.6. Let E be a σ -Dedekind complete Banach lattice of functions and let Y be a Banach space. Then Po(nE; Y ) is isometrically
isomorphic to L((E(n), ||| · |||); Y ).
Lemma 7.7. Let E be a σ -Dedekind complete Banach lattice of functions. If ||| · ||| is a norm on ⊗¯n,s E/Io = E(n) then for every
u ∈ ⊗¯n,s E we have∥∥qoc(u)∥∥ ∣∣∣∣∣∣qo(u)∣∣∣∣∣∣ nn
n!
∥∥qoc(u)∥∥. (7.5)
If in addition n is an odd number then∥∥qoc(u)∥∥= ∣∣∣∣∣∣qo(u)∣∣∣∣∣∣. (7.6)
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‖ P˜2‖ 1 and∣∣ P˜2(qoc(u))∣∣ ∥∥qoc(u)∥∥ ∣∣ P˜2(qoc(u))∣∣+ ε.
Let P = P˜2 ◦ qoc ◦ ⊗. Then P ∈ Po(nE) by Theorem 6.5 and (by Lemma 7.4, Proposition 7.5, and Corollary 7.6) there exists
P˜1 = T P ∈ (⊗¯n,s E/Io = E(n), ||| · |||)∗ such that
P = P˜1 ◦ qo ◦ ⊗ and ‖P‖ = ‖ P˜1‖.
Thus ∣∣ P˜2(qoc(u))∣∣=
∣∣∣∣∑
k
P (xk)
∣∣∣∣= ∣∣ P˜1(qo(u))∣∣ ‖ P˜1‖ · ∣∣∣∣∣∣qo(u)∣∣∣∣∣∣
= ‖P‖ · ∣∣∣∣∣∣qo(u)∣∣∣∣∣∣ ‖ P˜2‖ · ∣∣∣∣∣∣qo(u)∣∣∣∣∣∣ ∣∣∣∣∣∣qo(u)∣∣∣∣∣∣
and hence∥∥qoc(u)∥∥ ∣∣∣∣∣∣qo(u)∣∣∣∣∣∣.
On the other hand, choose S˜2 ∈ (⊗¯n,s E/Io, ||| · |||)∗ such that ‖ S˜2‖ 1 and∣∣ S˜2(qo(u))∣∣ ∣∣∣∣∣∣qo(u)∣∣∣∣∣∣ ∣∣ S˜2(qo(u))∣∣+ ε.
Let S = S˜2 ◦ qo ◦ ⊗. Then S ∈ Po(nE) by Lemma 7.4 and (by Theorem 6.5) there exists S˜3 ∈ (⊗ˆn,s,|π | E/Ioc)∗ such that
S = S˜3 ◦ qoc ◦ ⊗ and ‖S‖ ‖ S˜3‖ n
n
n! ‖S‖.
Thus ∣∣ S˜2(qo(u))∣∣=
∣∣∣∣∑
k
S(xk)
∣∣∣∣= ∣∣ S˜3(qoc(u))∣∣ ‖ S˜3‖ · ∥∥qoc(u)∥∥
 n
n
n! ‖S‖ ·
∥∥qoc(u)∥∥ nn
n! ‖ S˜2‖ ·
∥∥qoc(u)∥∥ nn
n!
∥∥qoc(u)∥∥
and hence∣∣∣∣∣∣qo(u)∣∣∣∣∣∣ nn
n!
∥∥qoc(u)∥∥.
We have now shown that (7.5) holds for any u ∈⊗n,s E . Next take any u ∈ ⊗¯n,s E . For any ε > 0 there exist v ∈⊗n,s E and
w ∈ (⊗¯n,s E)+ such that |u − v| < εw . Then∣∣qo(u) − qo(v)∣∣= ∣∣qo(u − v)∣∣ qo(|u − v|) εqo(w)
and ∣∣∣∣∣∣qo(u) − qo(v)∣∣∣∣∣∣ ε∣∣∣∣∣∣qo(w)∣∣∣∣∣∣.
Similarly we have∥∥qoc(u) − qoc(v)∥∥ ε∥∥qoc(w)∥∥.
Thus there exists a sequence {vk}∞1 in
⊗
n,s E such that∣∣∣∣∣∣qo(u)∣∣∣∣∣∣= lim
k
∣∣∣∣∣∣qo(vk)∣∣∣∣∣∣ and ∥∥qoc(u)∥∥= lim
k
∥∥qoc(vk)∥∥.
It follows that (7.5) holds for any u ∈ ⊗¯n,s E . 
Theorem7.8. Let E be a σ -Dedekind complete Banach lattice of functions. If ||| · ||| is a norm on ⊗¯n,s E/Io = E(n) then (⊗¯n,s E/Io, ||| · |||)
is isomorphic to
⊗ˆ
n,s,|π | E/Ioc and
‖ · ‖⊗ˆ
n,s,|π | E/Ioc
 ||| · ||| n
n
n! ‖ · ‖⊗ˆn,s,|π | E/Ioc . (7.7)
If in addition n is an odd number then (
⊗¯
n,s E/Io, ||| · |||) is isometrically isomorphic to
⊗ˆ
n,s,|π | E/Ioc.
862 Q. Bu, G. Buskes / J. Math. Anal. Appl. 388 (2012) 845–862Proof. Let u ∈ ⊗¯n,s E . If qo(u) = 0 then u ∈ Io ⊆ Ioc and hence qoc(u) = 0. Thus we can deﬁne a map ϕ :⊗¯n,s E/Io →⊗ˆ
n,s,|π | E/Ioc by
ϕ
(
qo(u)
)= qoc(u) (u ∈⊗¯
n,s
E
)
.
It follows that ϕ is linear and (from Lemma 7.7) that ϕ is an isomorphism or an isometry if n is an odd number. Next we
show that ϕ is onto.
Take any qoc(u) ∈ ⊗ˆn,s,|π | E/Ioc with u ∈ ⊗ˆn,s,|π | E . Then there exists a sequence {uk}∞1 in ⊗n,s E such that uk → u in⊗ˆ
n,s,|π | E . Thus qoc(uk) → qoc(u) in
⊗ˆ
n,s,|π | E/Ioc and hence {qoc(uk)}∞1 is a Cauchy sequence in
⊗ˆ
n,s,|π | E/Ioc . It follows
from Lemma 7.7 that {qo(uk)}∞1 is a Cauchy sequence in (
⊗¯
n,s E/Io, ||| · |||). Then there exists w ∈
⊗¯
n,s E such that qo(uk) →
qo(w) in (
⊗¯
n,s E/Io, ||| · |||). Once more it follows from Lemma 7.7 that
ϕ
(
qo(w)
)= lim
k
ϕ
(
qo(uk)
)= lim
k
qoc(uk) = qoc(u).
Therefore ϕ is onto. 
Remark 7.9. If ||| · ||| is not a norm on E(n) then (E(n), ||| · |||)∗ = {0} may happen. For instance, if E = Lp[0,1] then Lp(n) = Lp/n
and hence (Lp/n)∗ = {0} if n > p. In this case, (⊗ˆn,s,|π | E/Ioc)∗ = {0} if and only if ⊗ˆn,s,|π | E/Ioc = {0} (since ⊗ˆn,s,|π | E/Ioc
is a Banach space) if and only if Ioc = ⊗ˆn,s,|π | E .
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